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SPACES C(K) WITH AN EQUIVALENT URED NORM
ANTONIO AVILE´S AND STANIMIR TROYANSKI
Abstract. We prove that a Banach space of continuous functions C(K) has
a renorming that is uniformly rotund in every direction (URED) if and only if
the compact space K supports a strictly positive measure.
1. Introduction
Renorming theory is a subfield of Banach space theory that deals with the con-
struction of norms with good properties preserving the underlying topological struc-
ture of a given bad norm. A typical such good property is rotundness. A norm is
rotund (or strictly convex) if its spheres contain no nontrivial segments. In other
words, if x 6= y are vectors with ‖x‖ = ‖y‖ = 1 then ‖tx+ (1 − t)y‖ < 1 whenever
0 < t < 1. If we look at the Banach space C(K) of continuous functions on a
compact space K, its norm ‖f‖∞ = max{|f(x)| : x ∈ K} is very far from being
rotund. If two functions attain their norms at the same point with same sign and
value, then the segment that joins them lies in a sphere. So the natural renorming
problem here is: In spite of the lack of rotundness of the infinity norm, can we
find an equivalent rotund norm on C(K)? This was first studied by Dashiell and
Lindenstrauss [1] who proved that, although this is false for an arbitrary K, there
are many large classes of compact spaces K for which C(K) has a rotund renorm-
ing. A remarkable later contribution is that of Haydon, who completely solved the
problem when K is a tree [6] and provided further negative examples in [7]. One of
the cases when C(K) has an equivalent rotund norm is when K admits a strictly
positive measure. That is, when there is a measure µ defined on the Borel σ-algebra
of K such that µ(G) > 0 for all nonempty open G ⊂ K. The construction of a
rotund norm |||·||| is not difficult in this case, we take the ℓ2-sum of the infinity norm
and the norm in L2(µ):
|||f ||| =
√
‖f‖2∞ +
∫
K
f2dµ.
A more minute analysis of this norm shows that is not only rotund, but it has a
stronger property: it is uniformly rotund in every direction (URED). This is one
of the several standard strengthnings of rotundness in which a certain uniformity
is required on the relation between the distance between points in the sphere and
the distance of midpoints to the sphere. We recall the definition:
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Definition 1. A norm on a space X is said to be URED if whenever (xn)n and
(yn)n are two sequence of vectors such that
(1) ‖xn‖ = ‖yn‖ = 1 for all n,
(2) limn
∥∥xn+yn
2
∥∥ = 1,
(3) There exists z ∈ X and scalars rn such that xn − yn = rnz for all n,
then limn ‖xn − yn‖ = 0.
When condition (3) is removed, we would get uniform rotundity (UR), so this
explains the name. We refer to the monograph [3] for further information. The
main result of this paper is a converse to the above. This is basically the only way
to get a URED renorming on a space of continuous functions:
Theorem 2. For a compact space K the following are equivalent:
(1) C(K) admits an equivalent URED norm.
(2) K supports a strictly positive measure.
This can be viewed as an improvement of a result by Rychta´rˇ [12]. He defines
a norm on a space X to be pointwise uniformly rotund (p-UR) if there is a weak∗
dense subspace F of X∗ such that, whenever conditions (1) and (2) of Definition 1
are satisfied, we conclude that limn f(xn − yn) = 0 for all f ∈ F . For every z ∈ X ,
z 6= 0 we can take f ∈ F with f(z) 6= 0, so we get that every p-UR norm is URED.
Rychta´rˇ’s theorem [12] states that C(K) admits an equivalent p-UR norm if and
only if K supports a strictly positive measure. The norm |||·||| defined above is in
fact p-UR. Even if Theorem 2 improves Rychta´rˇ’s result, the techniques used in the
proofs are completely different. It follows that C(K) has a URED renorming if and
only if it has a p-UR renorming. This is not true for general Banach spaces. The
space L1(µ) has an equivalent URED norm, cf. [10, 9, 4], and [11, Remark 8] for a
quantive version of this fact. On the other hand, if L1(µ) is nonseparable and µ is
nonatomic, then it has no equivalent p-UR norm [4, 12].
Another remark is that Theorem 2 is a well known fact when K is scattered. Or
more generally, when K has a dense set of isolated points. In that case, having a
strictly positive measure is equivalent to the fact that this set of isolated points is
countable. If it is uncountable, then the functions supported on the isolated points
generate a copy of c0(Γ) with uncountable Γ, which fails to have a URED renorming
[2], cf. also [3, Proposition IV.6.4]. Remember that a scattered space can have a
countable set of isolated points but uncountable height, or can even be thin and
tall [8].
The implication (2) ⇒ (1) is easy and known. For the sake of completeness,
we can quickly provide a proof. After the comments above, it would remain to
check that the norm |||·||| is p-UR. Suppose that µ is a strictly positive measure, and
take the subspace F ⊂ C(K)∗ of all functionals of the form fˆ(g) =
∫
K fgdµ with
f ∈ L2(µ). Since µ is strictly positive, F separates points, so it is weak∗ dense.
If (xn) and (yn) are as in (1) and (2) in Definition 1, using first Cauchy-Schwarz
inequality, second the fact that the square of the norm is a convex function, and
then the definition of |||·|||,
3fˆ(xn − yn)
2 =
(∫
K
f(xn − yn)dµ
)2
≤
(∫
K
f2dµ
)
·
(∫
K
(xn − yn)
2dµ
)
≤
(∫
K
f2dµ
)
·
(
2(‖xn‖
2
∞ + ‖yn‖
2
∞)− ‖xn + yn‖
2
∞ +
∫
(xn − yn)
2dµ
)
=
(∫
K
f2dµ
)
·
(
2(|||xn|||
2
+ |||yn|||
2
)− |||xn + yn|||
2
)
−→ 0.
The rest of the paper is entirely devoted to the proof of the implication (1)⇒ (2)
of Theorem 2, passing through a sequence of auxiliary results. This will require
some variations on the martingale characterization of URED renorming by the
second author [15, 16], using martingales that are not necessarily Walsh-Paley and
taking advantage of the algebraic structre of C(K). From this, we will not get an
explicit strictly positive measure. Instead, we will make use of a variation, due to
Galvin and Prikry [5], of Kelley’s characterisation of spaces with strictly positive
measure through a countable decomposition into families of open sets with positive
intersection numbers.
2. Martingales in URED spaces
As mentioned in the introduction, an important part of the argument is a varia-
tion on the second auhor’s martingale characterization of URED renorming. The is
exposed in the book of Deville, Godefroy and Zizler [3], that we will follow closely.
Let (Ω,Σ, p) be a probability space. We start by recalling the notion of discrete
martingale in a normed space. A general auxiliary reference for martingales with
values in Banach spaces may be Stromberg’s book [13]. A partition of Ω is a finite
pairwise disjoint family of elements of Σ whose union is Ω. Let (En)n≥0 be a se-
quence of partitions of Ω consecutively finer (every element of En+1 is a subset of
an element of En). We denote by An the algebra generated by the partition En, i.e.
An consists of all unions of elements of En. Let X be a linear space, Ln : Ω → X
be an An-simple random variable, i.e. a random variable that is constant on every
set from the partition En, such that
∀E ∈ An−1
∫
E
Lndp = 0.
Finally, let Mn =
∑n
j=0 Lj . Such a (finite or infinite) sequence of random
variables M1,M2, . . . is called a discrete martingale, and for us just a martin-
gale. In the language of conditional expectations, what we are saying is that
E(Mn|An−1) = Mn−1. The increments of the martingales are denoted as usual
dMn = Ln =Mn −Mn−1 for n ≥ 1, dM0 = L0.
Lemma 3. If X is a normed space, then, for every set E ∈ An−1 we have∫
E
‖Mn‖
2 ≥
∫
E
‖Mn−1‖
2.
Proof. This is an elementary fact, but we state it and prove it as a lemma for
better reference. We can suppose that E ∈ En−1. So we can write E =
⋃k
1 Ei as a
partition with Ei ∈ En. We know that Mn is constant equal to a vector x ∈ X on
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E, while Ln is constant to a vector yi ∈ X one each Ei. The desired inequality is
k∑
i=1
‖x+ yi‖
2 · p(Ei) ≥ ‖x‖
2 · p(E).
Notice that
∑k
i=1 yip(Ei) =
∫
E
Ln = 0. So we just use the fact that the square of
the norm is a convex function. 
A k-Walsh-Paley pair is a pair of sets E+, E− ∈ Ek with the same probability
and such that E+∪E− ∈ Ek−1. The set Ωk is the union of all k-Walsh-Paley pairs.
A Walsh-Paley martingale is one where Ω = Ωk and |Ek| = 2k for all k.
Let H be a homogeneous subset of a normed spaceX . That is, λx ∈ H whenever
x ∈ H and λ ∈ R. For k ∈ N, one defines an index
αk(H) = inf
{
sup
n
(
E‖Mn‖
2
)1/2
: (Mn) ∈ Ξk
}
,
where Ξk is the set of all Walsh-Paley martingales for which there exist at least k
many different integers n and measurable sets Dn ∈ Σ such that dMn(Dn) ⊂ H
and
∫
Dn
‖dMn‖2dp ≥ 1.
Geometrically speaking, αk(H) measures how fast a dyadic tree must grow when
it has many large branches in H . Clearly (αk(H))k≥0 is a nondecreasing sequence.
Define also
α(H) = sup
k
αk(H).
This is the aforementioned characterization:
Theorem 4 ([3] Theorem IV.6.1). A normed space X admits an equivalent URED
norm if and only if for every t > 0 there exists a sequence of homogeneous sets
(Xm,t)m≥1 such that X =
⋃
mXm,t and infm α(Xm,t) ≥ t.
We will need a variation of this result with similar invariants ak(H) and a(H)
instead of αk(H) and α(H), where martingales will not necessarily be Walsh-Paley,
though we will restrict to Walsh-Paley pairs.
ak(H) = inf
{
sup
n
(
E‖Mn‖
2
)1/2
: (Mn) ∈ Ξ˜k
}
,
where Ξ˜k is the set of all martingales for which there exist at least k many dif-
ferent integers n and measurable sets Dn ∈ Σ such that dMn(Dn) ⊂ H and∫
Dn∩Ωn
‖dMn‖2dp ≥ 1. Again, this is a nondecreasing sequence of indices and
we define
a(H) = sup
k
ak(H).
Clearly, ak(H) ≤ αk(H) and a(H) ≤ α(H). It is also clear that if D ⊂ H then
β(H) ≤ β(D) for β = αk, α, ak, a.
Theorem 5. A normed space X admits an equivalent URED norm if and only if
for every t > 0 there exists a sequence of homogeneous sets (Xm,t)m≥1 such that
X =
⋃
mXm,t and infm a(Xm,t) ≥ t.
Proof. We will follow the proof of [3, Theorem IV.6.1], making changes where nec-
essary. Since a ≤ α, the implication that does not trivially follow from Theorem 4
is that if X has a URED norm, then we have sets Xm,t as above. We will include
5several lemmas inside the proof of this theorem. The first one is a useful standard
characterization of URED norms:
Lemma 6. A norm in a space X is URED if and only if whenever we have two
sequences of vectors (un) and (vn) such that
(1) limn 2‖un‖2 + 2‖vn‖2 − ‖un + vn‖2 = 0,
(2) (un) is bounded,
(3) there exists a vector z and scalars rn with un − vn = rnz,
then limn rn = 0.
Proof. This is [3, Proposition II.6.2]. 
For t > 0 and i ∈ N, define Ui(t) as the set of al x ∈ X such that
inf
{
‖x+ y‖2 + ‖x− y‖2
2‖y‖2
: y ∈ X, ‖y‖ ≤ t‖x‖
}
≥ 1 + i−1
Lemma 7. For every t, we have X =
⋃∞
i=1 Ui(t).
Proof. Notice that we always have
‖x+ y‖2 + ‖x− y‖2
2‖y‖2
≥ 1.
This can be deduced from Lemma 3, applied to a martingale where L0 constant
equal to y, and L1 is equal to x and −x in two sets of equal probability. So if the
lemma was false, there would exist x ∈ X and a sequence y1, y2, . . . ∈ X such that
‖yi‖ ≤ t‖x‖ for all i and
lim
i
‖x+ yi‖2 + ‖x− yi‖2
2‖yi‖2
= 1,
so lim
i
‖x+ yi‖2 + ‖x− yi‖2
2‖yi‖2
− 1 = 0.
Since ‖yi‖ ≤ t‖x‖, we can multiply by 4‖yi‖
2 and get
lim
i
2‖x+ yi‖
2 + 2‖x− yi‖
2 − ‖2yi‖
2 = 0.
We can apply Lemma 6 for ui = x+ yi, vi = yi−x, z = x and ri = 2 for all i. This
is a contradiction. 
It will be enough to prove that a(Ui(t)) ≥ t/2. In fact, we will show that
(⋆) k ≥ it2 ⇒ ak(Ui(t)) ≥ t/2
Lemma 8. Let f, g be simple X-valued random variables on (Ω,Σ, p). If E‖f‖2 ≤ 1
and ∫
g−1(Ui(t))
‖g‖2 ≥ 2t−2,
then
E(‖f + g‖2 + ‖f − g‖2) ≥ 2E‖f‖2 + t−2i−1.
Proof. This is exactly [3, Lemma IV.6.2]. 
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Lemma 9. Let (Mn) be a martingale such that supn E‖Mn‖
2 ≤ 1. Fix n ∈ N such
that ∫
(dMn)−1(Ui(t))∩Ωn
‖dMn‖
2dp ≥ 2t−2.
Then E‖Mn‖2 ≥ E‖Mn−1‖2 + t−2i−1.
Proof. Set E = (dMn)
−1(Ui(t)) ∩Ωn. Since E ⊂ Ωn, we can write E =
⋃s
j=1(Ej ∪
E−j ), where E
+
j ∪ E
−
j are n-Walsh-Paley pairs, so E ∈ An−1, p(E
+
j ) = p(E
−
j ) and
dMn(E
+
j ) = −dMn(E
−
j ). Hence,∫
E
‖Mn‖
2dp =
∫
E
‖Mn−1+dMn‖
2dp =
∫
E+
(‖Mn−1+dMn‖
2+‖Mn−1−dMn‖
2)dp,
where E+ =
⋃s
j=1 E
+
j . Since dMn(E
+) ⊂ dMn(E) ⊂ Ui(t), we can apply Lemma 8
for f = 1E+ ·Mn−1 and g = 1E+ · dMn−1, and we obtain∫
E+
(‖Mn−1 + dMn‖
2 + ‖Mn−1 − dMn‖
2)dp ≥ 2
∫
E+
‖Mn−1‖
2dp+ t−2i−1
=
∫
E
‖Mn−1‖
2dp+ t−2i−1
So we conclude that ∫
E
‖Mn‖
2dp ≥
∫
E
‖Mn−1‖
2dp+ t−2i−1.
On the other hand, Ω \ E ∈ An−1, so by Lemma 3,∫
Ω\E
‖Mn‖
2dp ≥
∫
Ω\E
‖Mn−1‖
2dp
The last two inequalities together prove the lemma. 
To finish the proof of Theorem 5 it remains to prove the inequality (⋆). This
just imitates [3, Lemma 6.3]. The first observation is that, since the scalar multiple
of a martingale is a martingale, taking M˜n = 2t
−1Mn the definition of ak(H) can
be rewritten as
ak(H) = inf{2
−1t sup
n
(
E‖M˜n‖
2
)1/2
: (M˜n) is a martingale
and
∣∣∣∣∣{n :
∫
dM˜−1n (H)∩Ωn
‖dM˜n‖
2dp ≥ 4t−2}
∣∣∣∣∣ ≥ k},
So, if ak(Ui(t)) < t/2 there should exist a martingale (M˜n) such that supn E‖M˜n‖
2 <
1 while ∣∣∣∣∣{n :
∫
dM˜−1n (H)∩Ωn
‖dM˜n‖
2dp ≥ 4t−2}
∣∣∣∣∣ ≥ k.
But if (M˜n) is such a martingale and∫
dM˜−1n (H)∩Ωn
‖dM˜n‖
2dp ≥ 4t−2,
then by Lemma 9, we have E‖M˜n‖2 ≥ E‖M˜n−1‖2 + t−2i−1. Taking into account
Lemma 3 and that supn E‖M˜n‖
2 < 1, it follows that there are less than it2 many
such numbers n. We were assuming that k ≥ it2 so we get a contradiction. 
73. Weak intersection numbers
Definition 10. Given a finite family of sets D, l(D) will be the least cardinality
k ∈ N such that for every A ⊂ D with |A| > k we have
⋂
A = ∅.
Definition 11. Given a family of sets B, we define
win(B) = inf
{
l(D)
|D|
: D ⊂ B is a nonempty finite subfamily
}
This index is called the weak intersection number of B by Galvin and Prikry
[5]. It is a variation of Kelley’s intersection number, that can be alternatively used
in the celebrated Kelley’s characterization of compact spaces supporting a strictly
positive measure , cf. [5, Theorem 2] and [14, Corollary 2.7]:
Theorem 12. For a a compact Hausdorff space K the following are equivalent:
(1) K supports a strictly positive measure.
(2) The family G of all nonempty open subsets of K admits a countable decom-
position G =
⋃∞
n=1 Gn such that win(Gn) > 0 for all n.
For technical reasons, we will consider a slight variation:
Definition 13. Given a family of sets B, we define
win˜(B) = inf
{
l(D)
|D| − 1
: D ⊂ B is a finite subfamily with |D| > 1
}
Theorem 14. For a a compact Hausdorff space K the following are equivalent:
(1) K supports a strictly positive measure.
(2) The family G of all nonempty open subsets of K admits a countable decom-
position G =
⋃∞
n=1 Gn such that win˜(Gn) > 0 for all n.
Proof. It is enough to check that, given a family B of nonempty sets, win˜(B) > 0
if and only if win(B) > 0. For k = 1, 2, 3, . . ., consider
γk(B) = inf {l(D) : D ⊂ B, |D| = k} .
Notice that γk(B) > 0 for all k, and the infimum of a sequence of positive numbers
is positive if and only if the lower limit of that sequence is positive. Therefore,
win(B) = inf
k≥1
γk(B)
k
> 0 ⇐⇒ lim inf
k≥1
γk(B)
k
> 0
⇐⇒ lim inf
k≥2
γk(B)
k − 1
·
k − 1
k
= lim inf
k≥2
γk(B)
k − 1
> 0
⇐⇒ win˜(B) = inf
k≥2
γk(B)
k − 1
> 0.

Given a nonempty open set G ⊂ K, we choose, using Urysohn’s lemma, a con-
tinuous function fG ∈ C(K) such that ‖fG‖∞ = 1 and fG|K\G = 0. Given a family
G of open sets, the corresponding family of functions will be written as
FG = {fG : G ∈ G}.
Lemma 15. Let G = {G1, . . . , Gm} be a finite family of nonempty open subsets of
K. For every g ∈ C(K) there exists a C(K)-valued martingale (N0, N1, N2) on a
probability space (Ω,Σ, p) such that
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(1) Ω2 = Ω,
and for all ω ∈ Ω:
(2) N0(ω) = g,
(3) either dN2(ω) ∈ FG or −dN2(ω) ∈ FG,
(4) ‖N2(ω)‖∞ ≤ max(‖g‖∞, 1) +
l(G)
m−1 .
Proof. Consider (E±k )
m
k=1 a sequence of 2m many pairwise disjoint measurable sets,
whose union is Ω and of equal measure p(E±k ) =
1
2m . Consider g1, g0 ∈ C(K)
defined by
g1(x) =


−1 if g(x) ≤ −1,
g(x) if − 1 < g(x) < −1,
1 if g(x) ≥ 1,
g0(x) = g(x)− g1(x) =


g(x) + 1 if g(x) ≤ −1,
0 if − 1 < g(x) < −1,
g(x)− 1 if g(x) ≥ 1.
Notice that ‖g0‖∞ = (‖g‖∞ − 1)
+. Let us now define the martingale Nn and
associated Ln = dNn, n = 0, 1, . . .. We declare N0 = g = g0 + g1, L0 = N0,
L1(ω) = g1 ·
(
hk
m− 1
− fGk
)
, for ω ∈ E−k ∪ E
+
k
where
h =
m∑
j=1
fGj , hk = h− fGk .
From the definition of l(G), it follows that ‖hk‖∞ ≤ l(G) for all k. Notice that
E(L1) =
g1
m
m∑
k=1
(
hk
m− 1
− fGk
)
=
g1
m
(
m∑
k=1
∑
j 6=k fGj
m− 1
−
m∑
k=1
fGk
)
= 0.
So we can define N1 = N0 + L1, and finally L2(ω) = ±fGk when ω ∈ E
±
k and
N2 = N1+L2. The nontrivial part that remains to be proven is statement (4). For
ω ∈ E±k , we have that
N2(ω) = N0(ω) + L1(ω) + L2(ω) = g + g1
(
hk
m− 1
− fGk
)
± fGk
= g − g1fGk +
g1hk
m− 1
± fGk = g0 + g1(1− fGk)± fGk +
g1hk
m− 1
We already noticed that ‖hk‖ ≤ l(G) and it is obvious from the definition of g1
that ‖g1‖ ≤ 1. So the last summand is bounded by
l(G)
m−1 . We also computed that
‖g0‖∞ = (‖g‖∞−1)+, so in order to prove (4), it is enough to show that the central
summands satisfy
‖g1(1 − fGk)± fGk‖∞ ≤ 1.
But this is obvious, because 0 ≤ fGk ≤ 1 and ‖g1‖∞ ≤ 1, so the above function
takes as value, on every point x ∈ K, a convex combination of g1(x) and ±1. 
Proposition 16. Let G1, . . . ,Gq be a finite sequence of finite families of nonempty
open subsets of K. Then there exists a C(K)-valued martingale (M0, . . . ,M2q) on
a probability space (Ω,Σ, p) such that
9(1) Ω2r = Ω for r = 1, . . . , q,
(2) For all ω ∈ Ω and r = 1, . . . , q, either dM2r(ω) ∈ FG2r or −dM2r(ω) ∈
FG2r ,
(3) For all ω ∈ Ω,
‖M2q(ω)‖∞ ≤ 1 +
q∑
r=1
l(Gr)
|Gr| − 1
.
Proof. We construct Mr by induction on r for r = 0, . . . , 2q on a given nonatomic
probability space. We take M0 to be constant equal to an arbitrary function g ∈
C(K) with ‖g‖ = 1. Assume that Mr has been constructed for r = 0, . . . , 2k. We
consider E2k = {E1, . . . , Em} the atoms of the algebra A2k. We know that M2k is
constant on each Ej equal to some gj ∈ C(K) and, for all ω ∈ Ω,
‖M2k(ω)‖∞ ≤ 1 +
k∑
r=1
l(Gr)
|Gr| − 1
.
For every j ∈ {1, . . . ,m} we can apply Lemma 15 to the probability space (Ej ,Σ|Ej ,
p
p(Ej)
),
g = gj, and the family G = Gk+1. This provides a martingale (N
j
0 , N
j
1 , N
j
2 ) on
Ej . Putting all these martingales together, we can define M2k+1(ω) = N
j
1 (ω) and
M2k+2(ω) = N
j
2 (ω) whenever ω ∈ Ej . These random variables have all the required
properties. 
Corollary 17. If H ⊂ C(K) is a homogeneous set such that FG1 ∪ · · · ∪ FGq ⊂ H,
then
a2q(H) ≤ 1 +
q∑
r=1
l(Gr)
|Gr| − 1
.
Proof. The martingale in the previous lemma is one of the martingales that appear
in the definition of ak(H) because, for even numbers n ≤ 2k,∫
dM−1n (H)∩Ωn
‖dMn‖
2
∞dp =
∫
Ω
‖dMn‖
2
∞dp = 1.

Corollary 18. Let G be a family of nonempty open sets with win˜(G) = 0. Then
a(H) ≤ 1 for every homogenous set H ⊂ C(K) such that FG ⊂ H.
Proof. Fix ε > 0 and we will prove that a(H) < 1+ ε. Write ε =
∑∞
r=0 εr for some
numbers εr > 0. Since win˜(G) = 0 for every r ∈ N there exists a finite set Gr ⊂ G
such that
l(Gr)
|Gr| − 1
< εr.
By Corollary 17, we get that for every q ∈ N,
a2q(H) ≤ 1 +
q∑
r=1
l(Gr)
|Gr| − 1
< 1 +
q∑
r=1
εr < 1 + ε.
But (ak(H))k≥1 is a nondecreasing sequence, so a(H) = supk ak(H) ≤ 1. 
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We are now ready to prove the implication (1)⇒ (2) of Theorem 2. Assume that
C(K) has an equivalent URED norm. Fix any t > 1 and consider the decomposition
X =
⋃
mXm,t provided by Theorem 5. Consider also
Gm,t = {G nonempty open sets : fG ∈ Xm,t}.
Notice that
⋃
m Gm,t is the family of all nonempty open sets. If K did not support
a measure, then by Theorem 14 there must m such that win˜(Gm,t) = 0. Since
FGm,t ⊂ Xm,t, Corollary 18 implies that a(Xm,t) ≤ 1. This contradicts the fact
given by Theorem 5 that a(Xm,t) > t.
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